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ABSTRACT

In this paper, boundedness of periodic solutions of ultra-hyperbolic boundary value problem was
investigated using energy method. Periodic solutions and test for periodicity were established using
separation of variable method, analytical technique and Fourier series method. By establishing appropriate
energy estimate and energy type functional that is non-negative and non-increasing function of time,
boundedness of periodic solutions of ultra-hyperbolic boundary value problem was obtained. Furthermore,
numerical simulations were used to demonstrate the behavior of the solutions extending known results in
literature. Application of our results can be seen in wave propagation where wave transfer energy from one
point to another.

Keywords: Boundedness, Energy method, Periodic Solution, Ultra-hyperbolic equation, Boundary value
problem

1. Introduction
Consider the second order linear partial differential equation of the Ultra-hyperbolic type of the form

0%u  9%*u 9%u d%u

v Tayz oz a0 (1.1)
With the following boundary and initial conditions
u(0,y,z,t) =0 ,u(L,,y,zt)=0, 0<x<L, t=0

u(x,0,z,t) =0, u(x,Ly,z, t) =0,0<sy<Ly; u(x,y,0,t) =0,u(x,y,L,,t)=0,0<z<L,
u(x,y,2,0) = f(x,vy,2), Z—Z (x,v,2z,0) = g(x,y,z) where L, represent the length of the domain in the x
direction, L,, represent the length of the domain in the y direction, L represent the length of the domain
22 92 9% 92
0x2’ 0y2’ 0z2’ at2
represent second order partial derivatives with respect to x, y,z and t. u is periodic if u(x +T,,y+
T,z+T,t+ T) =u(x,y,zt). u:Q c R* - R. Q is the domain of u. For the given four independent

in the z direction, u is the dependent variable, x, y, z, t are the independent variables,
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variables, the solution of (1.1) is said to be bounded if energy estimate is non-increasing and unbounded if

any unbounded energy estimate exists. The wavelike form of equation (1.1) is given by

9%u  9%u 0%u  9%u
Tz oz T o (1.2)

where ZZTLZ‘ represent the frictional force. The frictional force is negligible so that there will be no loss of
energy in the wave propagation. Equation (1.1) resembles the classical wave equation which has led to
number of developments due to its characteristics (Frit, 1938). The applications of ultra-hyperbolic
boundary value problem can be seen in the modelling of space time (Wang et al, 2022), designing of
harbours and dams, earthquake analysis (electrodynamic wave propagation) and design of antennas
(electromagnetic wave propagation) (Groenenboom, 1983). The problem can also be used in the study of
symmetric spaces and elliptic differential operators (Zhang et al, 2022). Due to the characteristics of the
ultra-hyperbolic boundary value problem, many authors have studied the problem producing sound results.
For instance, see (Walter and Steven, 2008; Helgason, 1959; Owen, 1960; Golgelegen, 2023) and there
references therein. Boundedness of partial differential equation is a qualitative property that ensure that
solution do not grow indefinitely, remaining within a finite range. For partial differential equation of the
ultra-hyperbolic type, boundedness is generally addressed by imposing specific boundary conditions on
characteristic surfaces. Few authors have worked on boundedness of ultra-hyperbolic boundary value
problem producing sound results. For instance, (Kostomarov, 2004) considered bounded of ultra-hyperbolic
equation in a half space by formulating Cauchy problem for the equation. In (Klyuchnvk and Knut, 2018),
bounded solutions of hyperbolic boundary value problem in a strip was investigated using zero-order
coefficient. However, the use energy method to investigate boundedness of ultra-hyperbolic boundary value
problem of four independent variables is rare in literature to the best of our knowledge. Other results on
boundedness of partial differential equation can be seen in (Logan, 2004 and Akrid et al, 2024).

Motivated by the above literature, the objective of this paper is to investigate boundedness of periodic
solutions of equation (1.1) using energy method. In section 2, we introduce some theorems and methods
which will help us to obtain our main results. The analysis will be shown in section 3 while the paper is
concluded in section 5 with a numerical simulation in section 4 to demonstrate the behavior of the system.

2. Theory and Methods

Definition 2.1 (Separation of variable method) Separation of variables is a method of solving ordinary and
partial differentiation. For a partial differential equation in a function ¢ (x, y,...)
and variables x, y, ..., separation of variables can be applied by making a substitution of the form

o(x,y,..)=X)YW)..., (2.1)
breaking the resulting equation into a set of independent ordinary differential equations, solving these for
X(x),Y(y), ..., and then plugging them back into the original equation. Separation of variables was used

by L’Hospital in 1970. It is useful in solving equations arising in Mathematical Physics such as Laplace’s
equation, the Helmholtz differential equation and the Schrodinger equation (Arfken, 1985).

Definition 2.2 (Periodic Solution) A solution u(x,y,z,t) to a partial differential equation with four
independent variables is said to be periodic in one or more variables if there exist T > 0, T, > 0,T,, > 0

and T, > O such that u(x,y,z,t + T) = u(x,y,z,t), u(x + Ty, y,z,t) = u(x,y, z,t),
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u(x,y + T,z t) =u(x,y,zt),ulxy z+T,t) =ulxy,zt) for (x,y,zt) ER.T,T,T, and T, are
the periods.

Definition 2.3 (Fourier series) This is a technique used to convert a complex wave function into a single
sine or cosine function. Let f(x) be a function in the interval [—L, L], then Fourier series formula is given

by f(x) = ay + Xo=,(a, cos( ) + b,,sin (—)) where a, = —f f(x)dx,
= —f f(x) cos( )dx n>0, b, f f(x) sm( )dx n > 0 are Fourier coefficients of f.

Theorem 2.4 (Superposition Principle) The principle of superposition state that if u; and u, are solutions
of a linear PDEs then the linear combination au; + Su, is a solution where a and g are arbitrary constants
(Chasnov, 2022).

Consider the ultra-hyperbolic equation

9%u  9%u  9%*u  d*u

ﬁ+ﬁ—¥—m=0 (22)
Suppose that u = u;(x,y,z,t) and u = u,(x,y, z, t) are solutions to equation (2.2). We consider a linear
combination of u; and u, by letting u = au; + fu, where a« and g are constants. The principle of
superposition states that u is a solution of equation (2.2). To prove this, we compute
0%u  9%u 9%u 9%u 0%(auqi+Puy) . 3%(auqi+Pfuy)  9%(aui+PBuy)  9%(aui+Buy)

w oy s e v oz a2 o (2.3)

azul 62u1 62u1 azul) 3 U,Z 6 Uy 62u2 62u2
— — —_ — = X X =
(6x2 dy? 0z2 at2 + ﬁ( d0x2 6y2 9z2 at2 ) ax0+ B 0 0

Since u, and u, were assumed to be solution of equation (2.2). We have therefore shown that any linear
combination of solution to homogenous ultra-hyperbolic equation is also a solution.

Definition 2.5 Let V(x) be a function from R™ — R, then V(x) is a Lyapunov function if the following
condition are satisfied.(i) V(0) = 0, (ii) V(x) > 0 for all x # 0, (iii) V(x) is continuous and also have
continuous derivative with respect to all components of x and (iv) V(x) < 0

Definition 2.6 (Energy Method) Energy method is a powerful tool for analyzing and solving partial
differential equations (PDEs) which are ubiquitous in various fields of Science and Engineering. The
method is based on the concept of energy estimate which involves deriving bounds on the solution of a PDE
using energy-like quantities. These energy estimates can be used to prove the existence, uniqueness and
stability of solutions to PDEs (Lee, 2025).

Definition 2.7 Energy method for the wave equation in four variables (three spatial dimensions x =
(x1, x5, x3) and one time dimension involves defining a total energy quantity for the system and showing
that it is conserved or non-increasing quantity of time. For a homogenous linear wave equation u;; —
c2Au = 0, the total energy £(t) in the domain is given by

E(t) == [, (w? + c?|Vul|?)dx (Evan, 2010). (2.4)
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Definition 2.8 (Energy functional) Energy functional is a mathematical function that describes the total
energy of a system as a function of its state variables. It is a powerful tool for analyzing and understanding
the behavior of physical systems especially in fields like Physics.

Definition 2.9 Consider a real valued function V: R™ — R which is continuously differentiable. Then the
continuous function V(x) is said to be positive definite if V(x) > 0 and VV(0) = 0 for all x # 0 and
otherwise if it is negative definite.

Theorem 2.10 (Lyapunov Stability) Let x = 0 be an equilibrium of x = f(x) and D ¢ R™ be a domain
containing x = 0. Let V: D — R be a continuously differentiable function with V(0) =0, V(x) > 0 in
D — {0} then (i) x = 0 is stable if V(x) < 0, (ii) x = 0 is asymptotically stable if V(x) < 0and (iii) x =
0 is globally asymptotically stable if V(x) is ‘radially’ bounded and V(x) < 0.

Definition 2.11The continuous function V: R™ — R is said to be (i) Positive Definite if V(x) > 0 for all
x # 0and V(0) = 0. (ii) Negative Definite if V(x) < 0 forall x # 0 and V(0) = 0.

(iii)Positive Semi-definite if V(x) = 0 and it can vanish also for somex # 0. (iv) Negative Semi-definite if
V' (x) < 0 and it can also vanish for some x # 0.

Definition 2.12 A function is said to be bounded on the domain of definition D(f) if there exist M > 0
such that |f(x)| < M for all x € D(f). Also f is bounded if there exist m, M € R such that m < f(x) <
M for all x € D(f). This numbers m, M are called the lower and upper bound respectively.

3. Results and Discussion

3.1 Periodic Solutions of Ultra-hyperbolic equation

We consider the partial differential equation of the form
0%u  9%*u 9%u 9%u
2 oy "9 e (3.1)

To obtain periodic solution of (3.1) we assume a solution of the form

ulx,y,z,t) = X(x)Y(x)Z(2)T(t) (3.2

Substituting equation (3.2) in equation (3.1) gives
dazx d?y d?z 2T

YZTE+XZTd—yZ—XYTE—XYZF—O (3.3)
Dividing by XYZT we have

1d?Xx | 1d’y _1d*z  1d°T

Xdx? v dy T Zdzz " Tatz (3'4)
Setting equation (3.4) equal to k where k is the separation constant, we have

1d?Xx | 1d%y 1d?zZ  1d°T

v tygr =k and JE i =k (3.5)

In order to transform equation (3.5) into a system we use the following transformations
LetX = ax,,Y =By Z =yzyand T = 5t, where a, 5,y and § are constant that maintain relationship

between these variables

. . 1d°X lﬂ_ . _ la“x 1 a? d*(Byo) " _
Con3|der|ng + Yy k. Setting Y = By,, we have - ) AT Bye dy = k which gives X" (x)

L daxg) + = LY = k which gives Y''(y) — kY (y) = 0.

kX (x) = 0. Also setting X = ax, we have ——"2%+ 2o
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1d?T . . Ldz(yzo) 1dT
ConS|der|ng 2+ rac = k. Setting Z =yz, we have ===+ 20

kT(t) = 0. Setting T = §t, we have thatld—z+ 1 % k which gives Z"'(z) — kZ(z) = 0. Hence
0

= k which gives T"(t) —

the system of equation is given by

X'(x)—kX(x)=0,Y"(y) —kY(y)=0,Z2"(z) —kZ(z) =0and T"(t) —kT(t) =0

Case 1: Considering for k > 0, we have

X(x) = ;% + c,e VR Y(y) = 36V + ce™VRY, Z(2) = cse VR + cge V% and

T(t) = c7e‘/Et + cge‘ﬁt. Where c;, ¢, c3, ¢4, Cs, C6, C7, Cg @re constants. Hence the general solution for
case 1 is given by u(x,y,z,t) = (cleﬁx + cze‘ﬁx)(cgeﬁy + c4e“my )(cseﬁz + cge” "Z) (qeﬁt +

e‘ﬁt). Applying the boundary conditions we have

u(0.y,z,t) = 0 implies ¢; + ¢, = 0. u(L,, v, z,t) = 0 implies c eVl + coe~VELx = 0. u(x,0,2,t) = 0
implies c3 + ¢, = 0. u(x, Ly, z, t) = 0 implies c3e‘/hy + cze"‘/hy =0. u(x,y,0,t) = 0implies cs +
ce = 0. u(x,y,L,t) =0 implies (cseV*Lz + c,e~VkLz) = 0. Boundary condition for the independent

variable x possess a non-trivial solution if and only if

1 1
e\/ELx e _\/ELx

y and z. This results are against the assumption for Case 1. Hence the solution is not acceptable.
Case Il: for k = 0, we have

=0. e VkLx — ¢VkLx = 0 implies vk = 0 since L, # 0. The same result is true for

da?x ary 2T . .

=0 0——0 and F—OWIthSOMtIOﬂS&S X=Ax+B,Y =Cy+D, Z =
Ez+Fand T=Gt+H . Where B, D, F and H are constants. Therefore the required solution is
u(x,y,z,t) = (Ax + B)(Cy + D)(Ez + F)(Gt + H) (3.6)

Using the boundary conditions we have B =0,A=0,D =0,C =0, F = 0 and E = 0. Hence only
trivial solution is possible.
Case llI: for k < 0: k = —a?, a > 0. The differential equations are

% +a’X =0, Zi;; + a?Y =0, % + a?Z = 0 and 227: + a?T = 0 with solutions as X(x) =
cicosax + cysinax, Y(y) = czcosay + cysinay, Z(z) = cscosaz + cgsinaz and (x) = cycosat +
cgsinat. . Hence the general solution is given by
u(x,y,z,t) = (cicosax + cysinax)(czcosay + c,sinay)(cscosaz + cgsinaz)

(cycosat + cgsinat) (3.7)

Using the boundary conditions we have that for

u(0,y,z,t) =0, ¢; =0;u(Ly,y,z1t) =0, sinaL, = 0; u(x,0,z,t) =0,c3 = 0;
u(x,Ly,zt) =0, sinaly, = 0; u(x,y,0,t) =0, ¢s = 0; u(x,y,L,t) =0, sinal, =0
For sinaL, =0, a, = TL‘—: n = 1,2,..., are the eigenvalues. The solution is

u,(x, t) = sinﬂ(Ancosn—nt + aninn—m), n=12, .., (3.8)
Ly Ly Ly

For sinal, =0, a,, = ? m = 1,2,..., are the eigenvalues. The solution is
y

un(y,t) = sinm(Cmcosm—m + D, sin m—m), m=12, .., (3.9)
Ly Ly Ly
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sinal, =0, a, =25, g = 1,2,..., are the eigenvalues. The solution is
For L,=0, a i g
Z

. nz t . Tt
uy(z,t) = smgL—z(EgcosgL—Z+ FbSLni—Z), g=12, .., (3.10)
Combining equations (3.8), (3.9) and (3.10) we have

nmt . nmt . mmt
u,(x,y,z, t)—sm—sm—ysmg A,cos— + B,sin—|) | C cos—+D sin——
P Ly L Ly " Ly m Ly m Ly

‘) (3.12)

Where p = nmg and A,, By, i, Dy, Eg, F; are constant coefficients
Using the superposition principle we have

Z
(Egcos grt =+ ngm g7
Ly, L

zZ

u(x,y,z,t) = Xpo1 Xm=12g=1 sint= sm—ysm gL (Ancos nL—m + B,sin nL—m)
y z X X
(C cos =+ D, sin— ) (E cos gL + Fysin gL—m) (3.12)

Applying the initial condltlons gives

u(x!ytzy 0) = f(x y!Z) - Zn 127}’1 12& ISln_Sln Sln?lq (313)

where J, = (An)(Cm)( g). J4 is the half range Fourier sine series for A,, C,, and E; where 4,, =
2 Ly , 2 (L , 2 Ly .

Zfo f(x,y,z)sm%dx, Cp = Efoyf(x,y,z)smmL—?dy and E; = L—Zfo f(x,y,z)smgL—sz

Combining 4, C;, and E; we have

Gy =——[* [ J* f (6,3, D)sin "= sin ™2 sin 2= dxdydz (3.14)
xLyLz Ly y L,
Z—lz(x,y,z,t)=(Ancosn—m+an' ""t)(—c i m_”t_|__D m_"t)
2 a2 o402 CE B 2

nmnt nmnt nmnt

(—A sin—+ B cos ™ ) (Egcos?+Fsmg—mt) (—A sin—+ B cos—)

mn’t

(—Cm 'n—+—Dm s—) (3.15)
2 (4,9,2,0) = Ay Dy F, ’””g”+c FyBn - + EgByDr "”m: (3.16)
%(x, Y,2,0) = g(x,,2) = Yooy one1 Z;‘;lsin?ginL_j’SinQL_’zz
(A, Dy F, mngn+C FBn%%+EgB Dm’z_”ﬂ) (3.47)

Hence the requwed solution is equation (3.12). Equation (3.12) is periodic in nature since the solution
contain sinusoidal functions. The constant term and periodic term in (3.12) shows that the solution is
periodic which is unstable in the sense that all solution starting sufficiently close to it depart from it with
increasing time.

3.2 Test for Periodicity of Ultra-hyperbolic Equation using Fourier Series Method

We first establish the period for each variable. The formula for period of a periodic function given by 27”
where n is the coefficient of x and 2 is the fundamental period.
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sm—x is periodic in x with period T, = 47 = Znﬂ cosnL—”t is periodic in ¢ with period T = Znﬁ
X Lx X
sin? is periodic in y with period T),, = —= and sinZ= is periodic in z with period T, = gz. Next is to
y Ly
establish Fourier Series coefficient for each variable.
f(x) =—a0+2n 1Oanos( )+Zn 1 bysin (—) (3.18)

For f(x) = sin’® Z’ Let E =c,we have aqq = zf_Lf(x)dx = Zf—L sincxdx = 0,

1L, 1L, . 1L . o
n =7 J_, sincxcoscxdx = 0and by, = [, sincxsincxdx = 1 [ sin® cxdx = 1

Therefore the Fourier series for variable x in given by

flx) = zlesinﬂ n=12,.. (3.19)
Similarly for the function f(y) = IS given by
fO) =Xm=1 smL—yy m=12,..and f(2) = Ya=1 sm‘gL—Zz g=12,..
For the function f(t) = cos n—”t, the Fourier series is gven by
- = 50 + Ziz @ cos (T) + Zizy bysin (1) (3:20)
Let == = ¢, then the coefficients are given by a, = zf_Lf(t)dt = %f_LL cosctdt = 0,

x
N = %f_LL cosctcosctdt = %f_LL cos?ctdt =1and b, = %f_LL cosctsinctdt = 0
Therefore the Fourier series is given by
£(t) = z,?zlcos”L—’f forn=123, ... (3.21)
Since each variable has a Fourier series representation at a particular frequency and the Fourier coefficient

are not all zeros, then the solution of ultra-hyperbolic equation exhibits periodicity at that frequency. To
show that the solution of ultra-hyperbolic equation for four independent is periodic we established that

. . . nmw(x+T. . mm . nz
Lulx+T,y zt) =u(xy,zt).Considering sin (L x) sin ) Y sin 2% we have
x y z
nn(x+Ty) . mmy . gnz . nx | Ty . mmy . (gnz
n sin sin=— = sin|— + —=) sin—=sin— (3.22)
Ly Ly L, Ly Lx Ly L,
T.
Note that sin(4 + B) = sinAcosB + cosAsinB. Let = = 4 and —= = B
x x
. nmx nnT, . nnx . nnT,
sm( + x) = sin X cos I 4 o5 BEX gip M (3.23)
Ly Ly Ly Ly Ly Ly
Equation (3.23) becomes
T. Ty .
sin (nnx + = ") sinm2 sin 7= (sm—cos % 4 cos T sin T2 )sm T sin 2
Ly Ly Ly L, Ly Ly Ly Ly Ly L,
. Ty . . . nnT.
= sin == cos == sin " sin L= 4+ cos T= sin X sm—ysm = (3.24)
L, X Ly z Ly LX y Ly
. 2Ly nnTy
Since T, = — cosL— = cos2m = 1. Also sin > — = = sin 2t = 0. Then we have
X X
T. . . . .
sin (nnx + 2 ") sinZ2sin?™ = sin ™ sin X2 sin (3.25)
Ly Ly Ly L, Ly Ly L,
. nmt
ulx + Ty, y,2,t) = Y=g Xm=12g= 1sm sm—ysmg: (A co s—+ B, si nﬂ)
Ly z
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(C cos 2% 4+ Dmsm > (E cos Z= + E;sin g—”t)
Ly Ly L L

z zZ

=u(x,y,zt) (3.26)
The same results is true for y, z and t.

3.3 Boundedness of Solution to Ultra-hyperbolic equation using Energy method

Consider the ultra-hyperbolic equation
0%°u  9%u _ %u 62_u

o oy "o oo (3.27)
Multiplying equation (3.27) by u; and integrating over the domain Q gives
Joy e (U + 1y = uz,)dQ = [ ueutye dQ (3.28)
Integrating the LHS of equation (3.32) we have

Ly 1d Ly Ly 1d Ly
Jo T wudx = _Edtf w’dx, [T uuy,dy = == u,” dy and
fOL" Ul dz = —-— f 4,2 dz. Substituting gives
Jo weu dQ = (EEI *u, 2 dx +—— By y2dy __E “u,2dz)  (3.29)

But [, wu,dQ = Zdtf (u t)z dQ. Zdtf (ut)z dQl = —-@(x,y,2)

where ¢ = G% fOL" w2dx +22 f “uytdy —S f *u,? dz) The energy functional is given by

2dt 2 dt
E(t) =3[, u?do (3.30)
From %%fﬂ (u)?dQ = —@(x,y,z), we have Z—f < 0 which by integration gives
E(t) <K (3.31)

where K > 0 is a constant. Equations (3.30) and (3.31) show that energy is non-negative and non-
increasing function of time t. Due to the positivity of the energy and zero initial and boundary conditions,
then the solution is zero. Equation (3.38) is the energy estimate for the ultra-hyperbolic boundary value
problem. The estimate shows that energy is bounded. In other to estimate the bounds of solution, we have

f;di—is)ds < 0 implies E(t) — E(0) < 0. This gives
E(t) <E(0) forallt>0 (3.32)

Equation (3.39) show that 0 < E(t) < E(0). This boundedness of energy show that the solution to ultra-
hyperbolic is bounded.
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4. Numerical Simulations of Ultra-hyperbolic equation

u(x,y,z=0.5,t=0)

0.4 0.6 0.8 1.0

Figure 1. Diagram of periodic solution of ultra-hyperbolic equation for t = 0

u(x,y,z=0.5,t=1) le-16

0.2 0.4 0.6 0.8 1.0

Figure 2: Diagram of periodic solution of ultra-hyperbolic equation for t = 1

Figure 3: Diagram of periodic solution of ultra-hyperbolic equation for t = 2

u(x,y,z=0.5,t=3) 0.100

10

0.075
0.8

0.050
0.6 0.025

0.000
08 —0.025

-0.050
0.2

-0.075
0‘%‘0 0.2 0.4 0.6 0.8 1.0

-0.100

Figure 4: Dragram showing periodic solution of ultrahyperbolic equation for t = 3
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u(x,y,z=0.5,t=4)

0.4 0.6 08 1.0

Figure 5: Diagram of periodic solution of ultra-hyperbolic equation for t = 4

Surface: u(x.,y, z=0.5, t=0.25)

0.14

Figure 6. Diagram of periodic solution of uItra—hypgrb_oIic equation for t = 0.25.

/A

E(t)

Figure 7. Diagram showing the energy of the system
4.1 Discussion of Numerical Behaviour of the Solutions

The behavior of the solutions are explained as follows:

Figure 1 describes the solution of ultra-hyperbolic equation for t = 0. In this case, the pattern of movement
begins at its initial phase. This behavior describes the starting point of the wave propagation.

Figure 2 describes the solution of ultra-hyperbolic equation for t = 1. In this case, the pattern shift from
initial position to another position maintaining the same amplitude and spatial dimension. This shift explain
transfer of energy from one point to another. Figure 3 describes the solution of ultra-hyperbolic equation
for t = 2. In this case, the pattern continues its oscillation with the same amplitude.

Figure 4 describes the solution of ultra-hyperbolic equation for t = 3. In this case, the solution disappear
without no pattern of movement. This behavior explain the unstable nature of the system which may arise
as a result of the mixed-signature nature of the model. Figure 5 describes solution of ultra-hyperbolic
equation for t = 4. In the case, the pattern return exactly to its starting position. This behavior shows that
the solution of ultra-hyperbolic equation is periodic.

Figure 6 describes the periodic nature of the ultra-hyperbolic equation which occurred as a result of changes
in the values of the independent variables. Figure 7 describes energy function that oscillates periodically

Applied Science Innovation (ASI) | Vol. 1, Issue 2, Nov., 2026. Page 10




https://asijournal.org ISSN: 3141-6292 Obasi et al. (2026)

with energy level repeating itself over time. The amplitude represent the maximum energy level of the
system. The behaviour represent energy of a mechanical system such as simple pendulum. This behaviour
can also represent sound wave or light wave that exhibit oscillatory behavior.

5. Conclusion

From our results, energy method was effective in establishing boundedness of ultra-hyperbolic boundary
value problem. The Fourier series method was used to guarantee periodic solutions while the boundedness
criteria play a central role in preventing blow-up phenomena. The advantages of energy method are that it
provide a priori bounds on the solution and can be applied to a wide range of partial differential equations
including nonlinear and non-autonomous systems. This implication of our results is that in finite time, the
system will not explode to infinity thereby ensuring control in the system behavior.
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